| > restart,

Generate the ODEs for the 3D spherical double pendulum.

> with(linalg) :

> x[1]:= L[1]-sin(theta[1](¢))-cos(phi[1](¢)

x =1L sm( |

):
(t)) cos(d)l(t))
> y[1]:= L[1]-sin(theta[ 1](¢) ) -sin(phi[ 1](¢));

y =L s1n< 1(t)) sin(d)l(t))

> z[1] = —L[1]-cos(theta[1](¢));
z =—1L, cos(Gl(t))
> simplify(x[ 1] + y[1T + z[1]);

2
Ll

> x[2]=x[1]+ L[Z] sm(theta[ (¢

1(2) ) -cos(phi[2](?));
=L sm( )cos

X, (q)l (1) ) + L sin(Gz(t)) cos(q)z(t))
> y[2]=y[1]+ L[2]-sin(theta[2](7))- s1n(ph1[2]( ));
v, =1L sm( (t )sm( )—i—L 51n<62(t)> sin(¢2(t)>
(

1))
—L, co (6 (t )) —chos(ez(t))

> szmpzw(x[z] + 2] +z[2] ):
2 sm( )L L, (s ( ) sm<¢2( )) + cos(¢2(t)) cos(q)l(t))) sin(el(t))
)

cos( )LL-I—L +L

(1)
> z[2]=z[1] — L[2] cos(theta[2]

2

+2 cos(@

(> PE =g (m[1]-2[1]+ m[2]-2[2]);
PE = g(—ml L1 Cos(el(t)) + m, (_Ll Cos(el(t)> _chos(e2(t))>)

> KE[1]:=

L simplify(diff(x[ 1), 0)% + diff 0(1} 0)° + diff [ 1], 1))

2

([ o) o)+ (& oi0) ¢ (& 00))

1 2

> KE[2] = L2 simplip(aiff(x12], 07 + difp12], 0 + diff (=12}, 1)%);

d ? - :
KE, = %(mz ((? 0,0 | £+ 21, ( (cos(0,(0) (sin(o, (1) sin(0,(0)

(0))

(0))

(&)

(C))

(©))

()

)

®

®

(10)

an



+ cos<¢2(t)) cos((])l(t))) cos(Gl(z‘)) + sin(@l(t)) sin(Gz(t))) (% Gz(t))

+ cos(ﬂl(t)) sin(92(1)> (% (I)z(t)) (sin<q)1(t)) cos(q)z(t)) — sin<q)2(t)) cos(q)l(t)))j

2
L, (% el(z)) + (% ez(z)) L§—2cos(92(t)> sin(6, (1)) (%
¢1(z)) L, L, (sin(¢,(1)) cos(0,(t)) — sin(0,(¢)) cos(d,(1))) (% Gz(t)) + (_
2
LfCOS(el(t))erLf) (% ¢1(t)j + 2sin (0, (1) ) sin(6,(7)) (%

d
¢2(f)) L L, (sin(d)l(t)) sin(¢2(t)) + cos<¢2(t)) cos(¢l(t))> (E q)l(t)) + (

2
_cos(ez(t))ng-l-Lg) (% q)z(z)j J)

>

> KE[1];

Lz(—i 2 0.(0) + (< 0 2+i 2]
" (dz q)l(t)) cos 1(1)>2 (dt 1(”) (dt ¢1(t)) 12)

> KE[2]:

1 d 2 2 . .

5 [mz [(E Gl(t)) L+2L, ((cos(ﬂz(t)) (sm(d)l(t)) 51n(¢2(t)) 13)

+ cos<¢2(t)) cos(¢1(t))) cos(el(t)) + sin(@l(t)) sin(Gz(t))) (% Gz(t))

+ cos(Gl(t)) sin(92(1)> (% ¢2(t)) (sin((])l(t)) cos(d)z(t)) — sin(q)z(t)) cos(d)l(t))))

2
L, (% el(z)) + (% ez(z)) L§—2c0s(62(t)> sin(6, (1)) (%
¢1(’)) L, L, (sin(¢,(1)) cos(0,(2)) — sin(0,(¢)) cos(d,(1))) (% Gz(t)) + <_
2
L cos(8,(1)) + L) (% ¢1(z)) +25in(0, (1) ) sin(0,(1)) (%

(I)z(t)) Ly Ly (sin(9,(1)) sin(0,(1)) + cos(0,(r) ) cos(0,(1))) (% ¢1(t)) + (

2
_cos(92(¢)>zL§+L§) (% ¢2(t)j j)




KEs, = (14)

=> simplify(KE[1] — KEs[1]);
0 as)

>
> Lag := simplify(KEs[1] + KE[2] — PE);

Lf (cos(el(t)) - 1) (cos(el(t)) + 1) (my +my) (% ¢1(Z))
Lag :=— B

+ sm( ) (cos( (sm(d)2 ) cos( (t)) — sin(q)l(t)) cos(q)z(t))) (% Gz(t))

)
+ sm ( j sm sm (])2( )) + cos(¢2(t)) cos<q)1(t)) ))

2

d
myLy L, (% qw)) + hnt )2( o ))

+ ((cos(ez(t)) (sin(d)l(t)) sin(¢2(t)> + cos((l)z(t)) cos(q)l(t))) cos(el(t))

+ sin(Gl(t)) sin(ez(t))> ( gt 0,(t )) — cos(Gl(t)) sin(ez(t)) (%

d
¢2(z)) (sin(¢2(t)> cos(q)l(t)) — sin(q)l(t)) cos(q)z(t)))) myL, L, (E el(t))

(% 92(;)) Lgm2 (—cos(@z(t))ngmz-l-L;mz) (% ¢2(f))
+




— cos(8,(1) ) sin(8,(1)) (% ¢2(z)j sin(0,(1) - ¢1(t))) mL, (% el(z)j
d 0 ZLZ 0 2L2 —|—L2 i 2
(dt ()) > M, (_COS< 2(f)) 5 1, 2m2) (dt (bz(t))
+ + ) +g (Ll (m1

+m,) cos(Gl(t)) + cos(@z(t)) L, mz);
2

L sin(0,(1))" (m, +m,) (% ¢1(z))

Lags = 3 + L, sin(Gl(t)) m, L, (—cos(62(1)> sin( a7
d . d
—0,(1) + ¢1(t)) (E ez(t)) + 51n(92(t)) (% (I)z(t)) cos(—¢2(t) + q)l(t))) (E
J 2
L (my +my) (E Gl(t))
q)l(t)) + 5 + L, ((cos(ez( )) cos( 0, (t) + 0, (t)) cos(Gl(t))
. . d . d
+ sm(el(t)) s1n(92(t))> ( py 0,(t )) +cos(91(t)) s1n(92(t)) (E 0, (1 )) sm( 0, (?)
d >
(dt ez(z)) Zm,
+q)1(t)>jm2L2(d— Gl(t))-i- .
2
(—cos<62( )) Lom +L§m) (i o (z)j
+ 5 +g (Ll (m, +m,) cos(el(t))
+c0s(92(t)> Lzmz)
=> simplify(Lag — Lags);
0 s)

>

Do the Euler-Lagrange calculations.

:> Lagm := subs({diff (theta[1](t), t) = thetalp}, Lags) :
;> Lagm = subs({diff (theta[2](¢), t) = theta2p}, Lagm) :
| > Lagm = subs({diff (phi[1](¢), t) =philp}, Lagm) :

| > Lagm := subs({diff (phi[2](¢), t) =phi2p}, Lagm) :
:> Lagm = subs( {theta[1](¢) =theta[ 1}, Lagm) :

(> Lagm = subs({theta[2](r) =theta[2]}, Lagm) :

| > Lagm := subs({phi[1](z) =phi[1]}, Lagm) :

> Lagm := simplify(subs( {phi[2](r) =phi[2]}, Lagm));

Lagm =L L. m (cos( ) cos( 2) thetalp theta2p + sin(el) sin(OZ) phi]pphin) cos( —0

172" 19

2




+ o ) + L, L,m, (cos(el> sin(@z) phi2p thetalp — cos(ez> sin(@l) philp thetaZp) sin(

philp’ LT (my + m,) cos(el)2

2

—0,+0,) - +gL, (m +m) cos(6, )

2 .52 .2
0 hi2p” L
B cos( 2) pzl P Lo + cos(ez) gL,m, + Sm(el) sin(@z) thetalp theta2p L, L, m,

(phi]p2 + theta]pz) (ml + mz) LT L; m, (phi2p2 + theta2p2)
+

2 2

+

>

pl - partial derivative of Lag with respect to angles thetal,theta2,phil,phi2
p3 - partial derivative of Lag with respect to t derivatives of angles thetalp,theta2p,philp,phi2p
p2 - t derivative of p3

d/dtp3 =pl or p2-pl=0 A system of 4 equations in 4 unknowns.

> pI[1] = simplify(diff (Lagm, theta[ 1) ):

ply == (—Lym, (—sin(8,) cos(6,) thetalp theta2p + cos(8, ) sin(8,) philp phi2p) cos(  (20)
—0,+0,) + L,m, (cos(8,) cos(6,) philp theta2p + sin(8, ) sin(8,) phi2p thetalp) sin(
—0,+0,) + (my +m,) (—philp* L cos(8,) + g) sin(6,)
— cos(0,) sin(6,) thetalp theta2p L, m,) L

=> p3[ 1] == simplify(diff (Lagm, thetalp));
p3, = (Lz m, cos(el> cos(ez> theta2p cos( —0, + ¢1> + L,m, cos(el) sin(@z) phi2p sin( —0, (1)

1

+ (1)1) + sin(el) sin(@z) theta2p L, m, + thetalp (m, + m,) L1> L

(> pI[2] = simplify(diff (Lagm, theta[2]) ):

ply=— (L1 (cos( 61) sin(92> thetalp thetal2p — sin(el) cos(ez> philpphz'Zp) cos( —0,+ (1)1) 22)
— L, (cos(el) cos(OZ) phi2p thetalp + sin(@z) sin(el) philp thetaZp) sin( —0, + (1)1) + (
—sin(el) thetalp theta2p L, — phi2p® L, sin(92>) cos( 62) + sin(Gz) g) m, L,

=> p3[2] == simplify(diff (Lagm, thetaZp));

p3,=—L,m, (sin(el) cos(ez) sin( —0,+ ¢1) philp L, — cos(Gz) cos( —0, 3)
+ ¢ ) cos(e ) thetalp L, — sin(91> sin(@z) thetalp L, — thetaZpLz)

(> pI[3] = simplifydif (Lagm, phil 1))
ply=—1L, ((cos( ) sin ( )phl]p theta2p — cos(el) sin(ez) phiZp theta]p) cos( -0, + ¢1> 24)
1)

+ sm( o, + 0 (cos( ) cos( ) thetalp theta2p + sin<61> sin(62> phi]pphin)) m, L,

> p3[3] = simplify(diff (Lagm, philp));

(25)



p3,=— ( —L,m, s1n(61) sin(ez) phi2p cos( —0,+ ¢1) + L, m, cos(@z) sin(el) theta2p sin( 25)
—0,+ d)l) + philp L, (cos(el> - 1) (cos(el> + 1) (m, + mz)) L

> pl[4]:= simplify(diff (Lagm, phi[2]));

pl, =1, ( (cos<92> sin(el) philp theta2p — cos(61> sin(ez) phi2p theta]p) cos( -6, + q)1> (26)
+ sin( —0,+ (1)1) (COS(GI) Cos(ez) thetalp theta2p + sin(ﬂl) sin(92> phi]pphin)) m, L,

> p3[4] = simplify(diff (Lagm, phiZp));

p3,=1L,ym, (sin(()l) cos( o, + 0 ) sm( )phi]le + sin( —0, 1))

+ 0, ) s1n( 2) cos(el) thetalp L, — cos(92>2phi2p L, + phi2p Lz)

>
> for kfrom 1 by 1 to4 do
pl[k] = subs({theta[1]=theta]
= subs( {theta[2 ] =theta|
(
(

(
:= subs( {phi[ 1]=phi[ 1]
= subs( {phi[2] = phi[2]
ubs( {thetalp=thetalp
ubs ( {theta2p = thetalp
ubs({philp=philp(t
ubs ({phi2p =phiZp(
ubs( {theta[ 1 ] =theta

(

(

(

(

(

(

L \ !l ! !l !

ubs({phi[1]=phi[1]

ubs({phi[2]=phi[2]
ubs( {thetalp=thetalp(t

ubs( {theta2p=thetalp(t
ubs({philp=philp(t)},
ubs({phi2p =phi2p(t)},

)
E
ubs( {theta[2] =theta|
(
(

L \»n \hh »
Pnadiwadioun o
"B”U

l_|
I_II_I

o

plI[k] =
p1[k]
pI[k]
pI[k]:
PI[k]:
PI[k]:
P[]
p3[k]:
p3[k]:
p3[k]:
p3[k]:
p3[k]:
p3[k]:
p3[k]:
p3[k]:
p2[k]:

diff (p3[k], ) : # t derivative
Leqn simplify(pl[k] — p2[k]) : # Lagrange Equation
Legnc subs ( {dlﬁ‘(theta[ (%), t) =thetalp}, Legnc[k]);
t

clk] =

[k] = (1
Legnc[ k] := subs({diff (theta[2](¢), t) =thetalp}, Legnc[k]);
Legne[ k] = subs({diff (phi[ 1](1). 1) =philp}, Leqnc[k));
Legne[ k] = subs({diff (phi[2](), 1) = phi2p}, Legnc[k]);
Legnc[ k] = subs( {diff (thetalp(t), t) =thetalpp}, Leqnc[k]);
Legnc[ k] := subs({diff (thetaZp(t), t) =theta2pp}, Leqnc[k]);
Legnc[ k] := subs({diff (philp(t), t) =philpp}, Leqnc[k]);
Legnc[ k] = subs({diff (phi2p(t), t) =phi2pp}, Legnc[k]);
Legnc[ k] := subs({theta[1](¢) =theta[1]}, Legnc[k]);
Legnc[k] := subs( {theta[2](¢) =theta[2]}, Legnc[k]);
Legnc[k] == subs({phi[1](¢) =phi[1]}, Legnc|[k]);
Legnc[ k] := subs({phi[2](¢) =phi[2]}, Legnc|[k]);
Legnc[ k] := subs({thetalp(t) =thetalp}, Leqnc[k]);
Legnc| k] = subs( {theta2p(t) = thetaZp}, Leqnc[k]);

[k] = subs(

Legnc ubs({philp(t) =philp}, Leqnc[k]);



Legnc| k] := subs({phi2p(t) =phi2p}, Leqnc|k]);
end:
>

> for kfrom 1 by 1 to4 do
Lengc| k] := simplify(Legnc[k]); # The 4 equations

end
Lengc, == — ( ( —phi2p2 — thetasz) sin(62> + thetaZpp cos(ez) ) cos(@l) L,m, COS( —0,
in(0,) phi2,
+ (1)1) + 2005( ) [cos( )phin theta2p + sm( 2)219 e ] m sm( o, + 0 )
— sin( )phz ’L | (my £ my) cos( ) (m thetapp L, sin(ez) + m, cos( 92) theta2p” L,

+g (m+m, ) ( + thetalpp (m, -I—m)L1>L1

Lengc, =— ( (—philp* — thetalp”) sin(E)l) + cos(Gl) theta]pp) L cos(@z) cos( —0, + q)l)
in(0, ) phil
—21, [cos(@l) philp thetalp + il 1)2P - ] cos(6,) sin( 0, + ¢,)

— cos( 92) phi2p* L, sin(ez) + sin(@l) sin(@z) thetalpp L, + (cos(el) thetalp” L

+ g) sin(@z) - thetaprLz) my L,

Lengc, :=—2 [

( (= phi2p? — theta2p”) sin(ez) + theta2pp cos<62) ) L,m, sin(el) sin( —0,+ q)l)
2

sin(0,) phiZ2pp
( 2>2 ] cos( —0, + (Dl) + (m1

Ll] L,

Lengc, :=m, L, [Ll ( (philp* + thetalp®) sin(Gl) — cos(@l) theta]pp) sin<62> sin( —0

+ sin(()l) L,m, [cos(@z> phi2p thetalp +

2 .
cos(@l) philpp . philpp
2 2

+m,) cos(@l) sin(91> philp thetalp —

2

sin(el) philpp ]

+ (1)1) -2 (cos(el) philp thetalp + L sin(ez) cos( —6, + ¢1) +1L, (

) cos( 92> sin( 62) phi2p thetalp + cos( 62)2phi2pp — phinp) J

>
> for kfrom 1 by 1 to4 do




Legn[k] := Legnc[k]:
| end:
> for kfrom 1 by 1 to4 do
Legn[ k] = simplify(Legqnc| k] — coeff (Leqnc| k], thetalpp, 1) -thetalpp — coeff (Legnc| k],
thetaZpp, 1) -theta2pp — coeff (Leqnc| k], philpp, 1) -philpp — coeff (Legnc[ k], phi2pp, 1)
phi2pp + Ak, 1]-ans[1] + A[k, 2]-ans[2] + A[k, 3 ]-ans[3] + A[k, 4]-ans[4]) :
| end:
> for kfrom 1 by 1 to4 do

print(k, simplify(Leqn[k]));
end

I, cos(8,) sin(8,) L, L,m, ( phi2p® + theta2p”) cos( =0, +¢,) — 2 cos(8, ) sin( —0,
+ 0, cos(8,) phi2p theta2p L, L, m, + philp® Li (m, + m,) cos(8, ) sin(8),)
— L, (mycos(8,) theta2p’ L, + g (m, + my)) sin(6,) + A, ,ans, + 4, yans;+ A4, , ans
+4,  ans,
2, cos(Gz) sin(0,) L, L, m, (philp” + thetalp’) cos( —06,+ ¢, ) + 2 cos(8, ) sin( —0
o)

y
(COS( ) theta]p2 L1 + g) sin(@z) + Az, 5 ans, + Az, 4 ans, + Az, L ans, + AZ’ , ans

2

.h 2 52 .
philp thetalp L, L, m, + cos(ez) phi2p” L m, sm(62>

3, —sm(e ) sm( ) L Lym, (phi2p* + theta2p®) sin( —0,+ (1)1) -2 cos( —0,

0
) s1n( ) co ( )phin theta2p L, L, m, — 2 philp cos( 61) theta]po (m
)+

sm( _pans, + A3’ 5 ans, + A3’ 4 ans, + A3, | ans

1

4, s1n(91> s1n<9 ) L L2 m, (philp* + thetalp®) sin( —0, + q>1) -2 cos<91> sin(ez) cos( -0, (29

+ ¢1) philp thetalp L, L, m, — 2 sin(Gz) cos( 62) phi2p thetalp L; m,+ A, yans,

-I-A4’4ans4+A4,lans1 -I—A472ans2

Solve for the ODEs using the Euler-Lagrange equations using Maple.

| > answer = solve({Leqn[1], Leqn[2], Leqn[3], Leqn[4]}, {ans[1], ans[2], ans[3 ], ans[4]}) :
| >
> for k from 1 by 1 to4 do
ODE| k] = simplify(rhs(answer[k])) :
end:

Build the 4 x 4 matrix A. Calculate its determinant. Check that A is symmetric.

> for k from 1 by 1 to4 do




implify(coeff (Legnc| k], thetalpp, 1) );
implify(coeff (Legnc| k], thetaZpp, 1));
implify(coeff (Legne[K], philpp, 1) );
implify(coeff (Legnc| k], phi2pp, 1) );

S1
Ay
Y
S

A1’1:=—(m1+m)L?

A, ==L Lym, (cos(6,) cos( —0¢,+ ¢,) cos(6,) + sin(6,) sin(6,))

L2 12"
A13—0

A= Lzmzcos(61> sm( )sm( ¢2+¢>

Ay ==L Lm, (cos( ) cos( o, + 0 ) cos( ) + sm(el) sin(ez))

A22= Lm

4, =1, cos(Gz) s1n<6 ) sm( o, + ¢ )

4,,=0

Ay 5= L2m251n<91) sin(ez) COS(_¢2+¢1>L1
2

Ay 4= L m s1n<92> 30)

21, 4[2,3], A[2,4]], [A[3, 1], 4[3,
4111;
) cos ( ) + sin(@l) sin(92>),0, @31

=> A= [[A[l,1],4[1,2],4[1,3],4[1,4]], [4[2, 1], 4[2,
2],A4[3,3],4[3,4]], [4[4,1],4[4,2],A4[4,3], 4]

4
A’:[[_(m+m)L —Ly Lym, (cos(6,) cos(—0,+ ¢,
(6,) sin( =0, +0;) L} | = L1L2m2(°05(92)005< 9+ @) cos(8,)
+sin(0,) sin(6,) ), —L; m, Llcos<92) sin(9,) sin( =0, +,) L, m,, 0], [0,
Ly cos(8,) sin(8,) sin( — 9, + &) Ly my = (m + my) Ly sin(0,)'
) sin(6,) cos( =0, + 0, ) b [ =2, mycos(8,) sin(6,) sin(—0,+0,) L,
0, =L, m,sin(8)) sin(8,) cos( —0,+ 0,) L, Lgmsin(ez)z]]

—L,m cos( sin

—L,m sm(

2

> matrix(4);

H = (my +my) L} L =L L,m, (cos(@z) cos( -0, + (bl) cos<61> + sin<61> sin(62> ) , 0, 32)



—L,m,cos(®,) sin(8,) sin( —6,+¢,) L, |
| =, L,m, (cos(6,) cos( =0, + 0,) cos(8,) +sin(6,) sin(6,)), —L;m,,
L, cos(8,) sin(8,) sin( =0, + ¢, L, m,o],
0, L, cos(6,) sin(0,) sin(—0, +0,) L,m,. — (m, +m,) Lsin(8,)’,
—L,mysin(8,) sin(6,) cos(—0, +¢,) L ]
—L,m, cos(0,) sin(8,) sin( —0,+ ¢,) L, 0, —L, m,sin(8,) sin(6,) cos( —0
] +0,) Ly, —Lym, Sm<ez)2”
> dA = simplify(det(A4) );
dA ==—L3sin(0,)" n (m, (cos(8,) = 1) (cos(8,) + 1) (cos(8,) — 1) (cos(8,) + 1) cos( (33)
~0,+0,)" +2cos(6,) cos(—, + ¢,) cos(0,) sin(6, ) sin(6, ) m,

—I—cos(Gz)zcos(Gl)zm —m, —m )L sm(91)2m

2

2 1 1

> dAs == — (mz sin(el)zsin(e ) cos( o, + 0 ) +2 cos(Gz) cos( —0,
) cos ( ) sm( ) s1n(62) m, + c0s<62)2005<61)2m2 —m — mz) LT sin(@l)zm1 mi
r sm(@ )
dAs == — (mz s1n<61>2 sm<62>2 cos( -0, + (1)1)2 +2 005(92) cos( —0, 34)

+ (1)1) cos(el) sin(el) sin(@z) m, + cos(Gz)zcos(Ol)zm2 —m, — mz) L‘lt sin(el)zm1 mg

L; sin(92)2

=> simplify(dA — dAs);
0 35)

>
> sort(collect(dAs, m[ 1), m[1]);
sin(91>zsin(9) L L ; ? ( 2s1n(91)2sin<92)2cos(—(1)2—i-q)1)2—|-2c0s(92) cos( 36)

+ ¢1) cos(el) sm(el) sm<62) m, + cos(@z)zcos(el)zm2 — mz) L? sin(Gl)zm

2
2
4. 2
L, sm(92) m,

=> sort(collect(dAs, m[2]), m[2]);
— (sin(el)2 sin(@z)2 cos( —6, + ¢1)2 +2 sin(91> sin(@z) cos( —0, + q;l) cos(Gz) cos(Gl) 37

+ cos<92)2cos<91)2— 1) L‘l‘ sin(el)zm1 Lg sin(92>2m;+ sin(@l)zsin(e ) L L m 2




Check that A is symmetric.

> for kfrom 1 by 1 to4 do
forj from k by 1 to4 do
print(A[k,j]— A[j, k]) :
end
end

S O O O O O o o o o

(38)

Get the B. Remember to put in the minus sign when solving Ax = B.

=> for k from 1 by 1 to4 do
Bl k] := Legnc|k] — Ak, 1 ]|-thetalpp — A[k, 2]-thetalpp — A[k, 3] -philpp — A[k, 4]

-phiZpp;
end

B, = L,m, cos(8,) sin(8,) sin(—0, +0,) L, phi2pp + (m, +m,) L thetalpp
+ theta2pp L, L, m, (cos(8,) cos( =@, + 0, ) cos(,) + sin(6,) sin(6,) ) — (
— L, m, (theta2p® cos(8, ) sin(8,) + cos(8, ) sin(6,) phi2p’
— cos(6,) cos(8, ) theta2pp) cos( =@, + ¢,) — L, m, ( —2 theta2p cos(®, ) cos(8, ) phi2p
— cos(el) sin(92> phizpp) sin( —0,+ ¢1) + cos(el) sin(OQ) thetalp thetaZp L, m,
+ sin(8, ) theta2p’ cos(8,) L, m, + thetalpp (m, +m,) L,
+ sin(6,) sin(8, ) theta2pp L m, + (L, philp* (m, + m,) sin(8,)
— theta2psin(,) L, m, thetalp) cos(8,) + g sin(®,) (m, +m,)) L,

B, ==L, sin(8,) cos(8,) sin( =0, + ¢,) L, m, philpp + thetalpp L, L,m, (<os(8,) cos( —9,
+ 0, cos(8,) + sin(8,) sin(6,)) + Ly m, theta2pp — (L, (—cos(8,) sin(8,) philp’

— cos( 62) sin(91> theta]p2 + thetalpp cos(el) cos(@z) ) cos( —0, + ¢1)




— L, (2 cos(el> cos(ez> philp thetalp + philpp cos(ez) sin(el) ) sin( —0, + ¢1)
+ thetalp’ cos(8, ) sin(8,) L, + sin(8,) cos(8, ) thetalp theta2p L,
+sin(8,) sin(8,) thetalpp L, + thetapp L, + (—sin(8,) thetalp theta2p L,
— phi2p® L, sin(8,) ) cos(8,) + sin(8,) g) L,m,
B, = philpp (m, + m,) L, sin(@l)z + L, m, sin(0,) sin(6,) cos( —0, + 0,) L, phiZpp
— L,sin(6,) cos(8,) sin( =0, + 0,) L,m, theta2pp + (
—L,m, (2 cos(@z) sm(e ) theta2p phi2p + phi2pp sin(91> sin<92) ) cos( —0,+ ¢1)
+ Ly m, (—sin(8,) sin(6,) phi2p* — sin(8, ) sin(6,) theta2p’
+ theta2pp cos(6,) sin(8,) ) sin( =0, +¢,) + L, (m, +m,)

—2 cos(8, ) sin(6, ) philp thetalp+ philpp (cos(Gl)z -1))) L,
B, =L, m,sin(0,) sin(6,) cos( —, + 0,) L, philpp + phi2pp L2 m, sin(Oz)z (39)

4"
+L,m, cos(Gl) sm( ) sm( o, + 0 ) L, thetalpp
— (Ll (2 cos(el) s1n<62) philp thetalp + philpp sin(el) sin(ez) ) cos( —0,+ q;l) +1, (
—sin(el) sin(@z) philp® — sin(@l) sin(@z) thetalp” + thetalpp cos(ﬂl) sin(92>) sin( —0,

+ ¢1) —L, (—2 cos(Gz) sin(Gz) phi2p theta2p + phi2pp (005(92)2 — 1) ) ) m, L,

>
> b= [ —simplify(B[1]),—simplify(B[2]),— simplify(B[3]),— simplify(B[4]) |;

b= [(—cos(@l) sin(6,) L, m, (phi2p® + theta2p’) cos( — 0, + ¢,) + 2 cos(8,) cos(8, ) sin( (40)
—0,+ 0,) phi2p theta2p Lym, + sin(8,) (—philp L, (m, + m,) cos(8,)
+ my cos(8,) theta2p’ L, + g (my +my) ) ) L, L, (—cos(8,) sin(6,) L, (philp’
+ thetalp®) cos(—0,+¢,) — 2 cos(8, ) cos(8,) sin( —0, + 0,) philp thetalp L,

+ sin(ez) (cos( 61> thetalp® L — phi2p* L, cos(ez) + g)) m,

, sin<9 ) sin(ez) L,m, (phi2p® + theta2p®) sin( —6, + ¢1)

y > + cos( —0,




+ (1)1) cos(OZ) phi2p theta2p L, m, + philp cos(el> thetalpL, (m, +m,) | L,,

—L, sin(ez) m, (sin(91> L (philp* + thetalp®) sin( —¢, + ¢1> -2 cos( —0,

+ q)l) cos(el) philp thetalp L, — 2 cos(ez> phi2p thetaZpLQ) ]

Solve the linear system to get the ODEs using Maple.

;> ans = linsolve(4, b) :
>

Now build the matrices to determine the ODEs using Cramer's rule.

> An[1]5= [[B[1], A[1,2], A[1,3], A[1, 4]}, [B[2], A[2, 2], 4[2, 31, 4[2, 411, [b[3 ], 4[3, 2],

I A[3,3], A[3,4]], [b[4], A[4,2], A[4,3], 4[4, 4]]]

> An[2]:= [[A[1,1], b[1], 4[1,3], 4[1,4]], [4[2, 1], b[2], 4[2,3], 4[2, 4], [4[3, 1], b[3]
A[3,3],A[3,4]], [A[4, 1], b[4], A[4,3], 4[4, 4]]]

(> An[3] = [[A[1, 1] A[1,2], b[1], A[1, 4]} [A[2, 1], 4[2, 2], b[2], 4[2, 4]}, [4[3, 1], 4[3
27, b[3], A[3,4]], [A[4, 1], A[4,2], b[4], 4[4, 4]]] :

(> An[4] = [[A[1, 1L A[1,2], A[1,3], 6[1]], [4[2, 1], 4[2, 2], A[2, 3], 5[2]], [4[3, 1], 4[3,

I 27, A4[3,31],b[3]], [A[4, 1], A[4,2], 4[4, 3], b[4]]] :

>

> for kfrom 1 by 1 to4 do
dAn[k] = det(An[k]) :
| end:
=>
> for kfrom 1 by 1 to4 do
o (det(Anfk])
CramerODE[ k] := szmplzjfj/( Tw ) :
end:

Print out the four ODESs for theta_1",theta_2",phi_1" and phi_2"
> simplify(ans[1]):
(sin(®,) m, (cos(6,) — 1) (cos(@z) 1) (cos(6,) thetalp’ L, + g ) cos( =0, +6,) = ( @1)
—cos(e ) phi2p’ Lycos(6,)” + (L, (philp’ + 2 thetal’) cos(el)z + g cos(6,)
L, (philp* + thetalp )) cos(6,) + cos(8,) L, (phi2p® + theta2p )) sin (6,) m, cos(

—0,+¢,) +sin(6)) (—phin L,m, cos<92> +cos(0,) L, m, (philp*




+ thetalp®) 005(62)2 +L,m, (phi2p* + theta2p®) cos( 62> + (my +my) (

—philp’ L, cos(8,) +g)))/((m2 (cos(8,) — 1) (cos(®,) + 1) (cos(6,)

— 1) (cos(ez) + 1) cos(—q)z-l— (bl)z-i- 2005( ) cos( d,

+ (1)1) cos(el) sin(el) sin(Gz) m, + cos(@z)zcos(ﬂl)zm2 —m, — mz) Ll)
=> simplify(ans[2]);
(cos(ez) sin(@z) thetaszL2 m, (cos(@l) — 1) (cos(@l) + 1) cos( —6,+ ¢1)2 — ( 42)

—cos(6,) philp’ L, (m, + my) cos(8,)" + (L, m, (phi2p® + 2 theta2p’) cos(8,)” + g (m,
+ m,) cos(0,) — L, m, (phi2p® + theta2p”) ) cos(8,) + cos(8,) L, (philp’

+ thetalp?) (m, + m,) ) sin(8,) cos( =0, + 0,) + sin(8,) (—philp’ L, (m,

+m,) cos(0,) + (L, m, (phi2p® + theta2y”) cos(8,) + g (m, +m,)) cos(8,)"

+ L, (philp” + thetalp’) (m, + m,) cos(8,) — cos(8,) phi2p’ L, (m +m )))/

((mz (cos(Gl) — 1) (cos(Gl) + 1) (cos(Gz) — 1) (cos( ) ) cos( o, + )

+2 cos(Gz) cos( —0,+ (1)1) cos(61> sin(@l) sin(@z) m, + cos( ) cos(61>2m —m,

_mz) Lz)

=> simplify(ans[31]);
(—2 cos(91>phi]p thetalp L, m, (cos(ﬂz) — 1) (cos(ﬂz) + 1) (cos(ﬂl) — 1) (cos(ﬂl) (43)

+ 1) cos(—0,+0,)" = m, ((cos(8,) + 1) (—cos(6,) philp’ L, + g cos(8,)

+ L, (philp® + thetalp )) (cos(6,) = 1) sin( =0, +0,)

+ 4 cos(0,)” cos(6,) sin(6,) philp thetalp L) sin(8,) cos( —, + ¢,) + sin(8,) m, (
—cos(6,) philp’ L, cos(8,)” + g cos(6, ) cos(8,) + cos(8,) L, (philp”

+ thetalp?) cos(8,) — L, (cos(@z>2 phi2p® = phizp = theta2?) ) sin( =0, + 0,)

— 2.cos(8, ) philp thetalp L, (cos(8,) cos(6,) m, —m, —m,) ) / ((m, (cos(®,)

— 1) (cos(8,) + 1) (cos(8,) — 1) (cos(8,) + 1) cos( —0, + 0,)" + 2 cos(6,) cos( —0,
+9,) cos(6, ) sin(®,) sin(8,) m, + cos(0,) cos(8,) m, — m, — m,) L sin(8,))

> simplify(ans[4]);

((—sin(8,) L, m, (cos(@z)z phi2p” — phi2p” — theta2p’) (cos(8,) — 1) (cos(8,) + 1) cos( (44)



—0,+0,) = (—philp’ L, (m, +m,) cos(8,)" + ( —phi2p” L, m, cos(6,)’

+ L, m, (phi2p” + theta2p”) cos(8,) + g (m, +m,) ) cos(8,) + L, (philp’

+ thetalp?) (m, + my) ) sin(0,) ) sin( =0, +¢,) =2 (m, (cos(6;) = 1) (cos(6,)
+1) (cos(8,) — 1) (cos(8,) + 1) cos( =0, + ¢,)” + 2 cos(8, ) cos( —9,

+9,) cos(6, ) sin(®,) sin(8, ) m, + cos(6, )" cos(8, )" m, — m, — m,)

cos(6,) L, theta2pphi2p)/(sin(62) (m, (cos(8,) = 1) (cos(8,) + 1) (cos(6,)
— 1) (cos(8,) + 1) cos(—¢, +0,)" + 2 cos(8,) cos( —,

+ ‘1’1) cos(e

1

1

) sin(el) sin(@z) m, + cos(@z)zcos(el)zm —m, — mz) Lz)

m, =0

> simplify(ans[1]);

| Error, (in simplify/trig) indeterminate expression of the form 0/0

> simplify(ans[2]);

> simplify(ans[3]);

| Error in simplify/tri indeterminate expression of the form 0

0

> simplify(ans[4]);

Frror,

(

| Error, (in simplifv/trig) indeterminate expression of the form 0/0
(
(

in simplifv/trig) indeterminate expression of the form 0/0

V"

> unassign('m');

v

> simplify(limit(ans[1],m[1]=0));
(sin(el) (cos(@z) — 1) (cos(@z) + l) (cos(el) z‘hetalsz1 +g> cos(—¢2—|- (])1)2
— sin(ez) (—cos(el) phi2p* L, cos( 62)2 + (Ll (philp* + 2 thetalp®) cos(el)2
+g cos(el) — L, (philp* + thetalp®) ) cos( X

%)
—6,+ (1)1) + (—phz’Zp2 L, 005(92)3 + cos(el) L (philp* + thetalp®) (:05(92)2

— 1) cos(92>2— cos<91)2+ 1) cos(—¢2+ ¢1)2+ 2 sin(el) sin(G ) cos( 0,

+ o ) cos( 2) cos(e ) + cos(92)2c05(91)2 — 1))
=> simplify(limit(ans[2],m[1]=0)

+ cos(@l) L, (phi2p* + theta2p®) ) cos(

+1L, (phi2p* + theta2p’) cos(ez) — philp® L cos(el) + g) sin(el) ) / (Ll ( ( (cos(el)2

45)

(46)

)
(cos(8,) sin(6,) theta2p’ L, (cos(®,) — 1) (cos(6,) + 1) cos(—¢, +0,)" —sin(6)) (@D



—cos(6,) philp’ L, cos(0,)" + (L, (phi2p’ + 2 theta2p”) cos(8,)’ + g cos(6,)

— L, (phi2p® + theta2p®) ) cos(0,) + cos(8,) L, (philp® + thetalp’) ) cos( =0, +9,)
+ (—phi]szl 005(61)3 + (L, (phi2p® + theta2p’) cos(6,) + g) cos(@l)z
+cos(6,) L, (philp” + thetalp’) — phi2p” L, cos(6,) ) sin(6,) ) / (L, (((cos(8,)
— 1) cos(6,)" — cos(0,)"+ 1) cos(—¢2+ 0,)" + 2sin(8,) sin(8, ) cos( 9,

+ 0 ) cos(@z) cos( )+cos( ) cos( ) — l))

2

> simplify(limit(ans[3],m[1]=0));
( 2003(9 )phz]p theta]p ( ( ) ) (cos(ez) = 1) (cos(el) — 1) (cos(el)
+ 1) cos -0, + (I) ( cos (—cos(@l)zphﬂszl +gcos<61) +1, (philp*

+ thetalp’) ) (cos(6,) — 1) sm( ¢2 +0,)

+ 4 cos(0,)” cos(6,) sin(6,) philp thetalpL, ) sin(6,) cos( —¢, + 6,) + sin(6,) (
—cos(6,) philp’ L, cos(8,)” + g cos(6, ) cos(8,) + cos(8, ) L, (philp”

+ thetalp”) cos(0,) — L, (COS(62)2 phi2p” — phi2p® — fhefaZPZ) ) sin(—9, + ¢,
—2 cos(91)3 cos(62)2 philp thetalp L, + 2 cos(0, ) philp thetalpL, /

(2, sin(8,)  ( (cos(8,)” ~ 1) cos(6,)’ — cos(8,) + 1) cos( o, + 0,)’
+2sin(0,) sin(6,) cos( =0, + ¢, ) cos(8,) cos(6,) + cos(ez)zcos(el)2 —1))

> simplify(limit(ans[4],m[1]=0));
( ZCos(e )phzZp thetaZpL ( ( ) ) (cos(e ) + 1) (cos(e ) — 1) (cos(el)

+ 1) cos —0,+ (1) (cos )2phz2p — phi2p® — theta2p ) (cos(el)
o)

—1) (cos(91> +1) sin( =9 + 4 cos(8,) cos(6,)sin(0, ) phiZp theta2p
sin (6, ) L, cos(—0, + 0,) — sm(el) (—cos(6,)" philp L, + ( —phi2p’ L, cos(8,)’
+ L, (phi2p® + theta2p’) cos(6,) + g) cos(0,) + L, (philp” + theta]p2)> sin( —9,
+9,) =2 cos(@l)z cos(92)3 phi2p theta2p L, + 2 cos(8,) phiZp theta2pL, ) /
(Sin(OZ) L ( ( (C°S<92)2 B 1) COS(91)2 B 005(92)2 + 1) cos( —¢, + ¢1)2
+25in(0,) sin(6,) cos( —9, + 0,) cos(6,) cos(@,) + cos(6,) cos(6,)" ~ 1))

(48)

49)



> m[2] = 0;

m, =0

=> simplify(ans[1]);
sin(@l) (—phi1p2L1 cos(@l) + g)

L,

> simplify(ans[2]);
L2
+0,) = (—phitp’ L, cos<61)3 +g cos<61>2 + cos(6,) L, (philp + thetalp’)

— phi2p’ L, cos(8,) ) sin(8,) )

=> simplify(ans[3]);
2 cos(@l) philp thetalp

B sin(@l)
=> simplify(ans[4]);
1 2 . . .
W ( ( —cos(el) phz]sz1 + gcos(Gl) +1, (philp* + theta]pz)) sm(91> sm( —0

+ ¢1) -2 cos( 62) phi2p theta2pL2)

=>
| > unassign('m');
=>
> phi[1] := ang; phi[2] := ang;
0, = ang
¢, = ang
(> philp == 0; phi2p = 0;
philp =0
phi2p =0

>
> simplify(ans[1]);
(sin(el) m, (2 cos(el) theta]sz1 + g) 005(62)2 — m, (2 sin(ez) theta]sz1 cos<91)2

— sin(91> theta2p” L,— sin(Gz) thetalp” L+ gcos(91> sin(Gz)) cos(Gz)
—m, (sin(@l) thetalp® L+ sin(ez) theta2p® LZ) cos<61> +g sin(@l) ml)/

[2 L [m2 (cos(ﬁl)2 — %) cos(62)2 + sin(el) cos(el) cos(ez) sin(Gz) m,

1 (cos(ez) sin(el) (—cos(91>2philp2L1 + gcos(@l) + 1L, (philp* + thetalpz)) cos( —0

2

2

(30)

(31

(32)

(33)

(54)

(35)

(56)

(37



cos(el) m, m ]
2 2
> simplify(ans[2]);
((2 m cos(92> theta2p® L,+g(m+m )) sin(ez) cos(91>2 + ( (58)

-2 cos(92>251n( ) theta2p” L,m —gsm(@l) (m, + m,) cos<92)
0

+ sin( 1) theta2p” L,m,+ sm(ez) thetalp® Ly (m + m2)> cos(91> — (theta]p2 Ly (m,

+m,) sin(@l) - sin(@z) theta2p2L2 mz) cos(ez) ) / [2 L, [mz (cos(@z)2
1 2 . C°S<ez)2m2 m
— 3) cos(el) + 5111(91) cos(el> cos(ez> sm<62) me T
=> simplify(ans[31]); . )
=> simplify(ans[4]); . )

theta 1'=0=theta 2',phi 1 =q=phi 2, phi 1'=v=phi 2' Tracing out two cones

| >
> thetalp = 0,
i thetalp = 0 (61)
> theta2p = 0,
i thetaZp = 0 (62)
> phi[1] =g
0, =g (63)
> phi[2] :=g;
0, =g (64)
=> philp == v,
i philp :=v (65)
> phi2p = v;
i phi2p ==v (66)
>
> simpliﬁ/(ans[l]);
(—sin(® )cos(@z) v Lymy +m, (V¥ (L sin(0,) + L, sin(6,)) cos(6,) (67)
-I—sm(e1 g) cos — (sm(ez) V2L1 cos(@l) —I—gcos( ) n(92> v (sm( )L2
+ sm(e2 1 ) m, cos<92) —? (Ll (m, +my) sin( ) + sm(62> L, mz) cos( )




—I—gsin(el) ml) / (Ll (2 sin(el) cos(el) cos(ez) sin(@z) m, + 2 (:03(92)2005(61)2m2

— cos(f)l)2 m, — cos(@z)zm2 - m1>>
> szmpllﬁ/(ans[2]) .
(—sm( ) L, (my + m,) cos (91> + (vz( (m, +m2) sm( ) + sin(e )L m )
—|-gsm( ) (my 4 m )) cos<61>2+ ( cos( ) sm(@l) v L m —gsm( ) (m,
0

+m,) cos<92)+v ( (m, +m, sm( )—i—sm( )L mz))cos< ) cos( )

cos(OZ) (68)

Vv (m (
+m,) (L1 sm —|— L, sm )/(Lz 2 sm cos 61> cos<62> sm(62> m,
+2 cos(92>2 cos(el)2 m, — cos(el)zm2 — cos(ez>2m2 — ml) )
> simplify(ans[3]);
0 (69)

=> simplify(ans[4]);
0 (70)

>

Determine the conditions on L so that thetal and theta2 are constant and phi_1 and phi_2 are
increasing

> eqnl = sort(collect(numer(ans[l]) [ 1),
eqnl = (—sin(el) cos(e ) v L+ s1n g)

m[1]);
f—i— (sm 2cos(ez> sin(@z) v L m, (71)

+sm( )cos( )cos(62> y L m, + sin( 6, cos(ez) sm( ) % Lzm2

| ) Vv Lym,— cos(Gl) sin(92> v2L2m

1 2

(%)
+ cos ( )cos( ) sm(e ) W Lym,— s1n(6 ) cos(e
— sm(61> sm(92) gm,— cos( ) cos( 2) sm(62) gmz—I—gsm( ) 2) m,
> eqn?2 := sort(collect(numer(ans[2]), m[1]), m[1]);
eqn2 = (sin(91)2005<61> sm( )v L, +sin(6

) cos<61>2cos<62) v

(
)sz — sin 91) sm( )
) ¢)

L, (72)

—

cos( 0 L — cos( )sm(@2

2

(
cos(G g+sm g m +( n(G1 cos( )sm(Gz) szlm
2

)

2
1

cos(e ) Vv L, m,+ sin 61) cos(e1 sm( ) Vv L,ym,
)

)

) cos(0,)
+ sin( 0 ) cos(8 )

) cos(ez) sz m, — cos<62> sin(62> v2L2 m,

)

(
cos(Gz) sin(G )v Lym,— sm(e1
)

—sin( 6, sin(ez) gm, sm( ) cos(e1 cos(ez) gm,+ sm(e )gmz) m,

> simplify(eqnl);




(—sin( )cos( >y L m, + m, (v2 L, sm +L sm(@ )) cos(el) (73)
+sm(91> )cos( ) —( sin ez)v L cos( 1) +gc0s< ) n(92> v (sm( )L2
+sm( 2)

g
L,) ) mycos(,) =27 (L, (m, + m,) sin(8,) + sin(8,) L, m,) cos(6,)
+gsin(0,) m ) m,
> simpliﬁ/(eqn2)
— (sin(8,) v L, (m, + m,) cos(8,)” + (=7 (L, (m, + m,) sin(8,) (74)
(6 > ) cos(y) = sin(8;) (m + my) ) cos(8,)" + (cos(8y) sin(8,) v* Ly m

+ gsm(el) (m, +my) cos(ez> —? (L1 (m, +my) sin(@z) + sin(@l) L, mz)) cos(el>

+ sin

+ cos(Gz) v (my + m,) (L sin(@ ) + L sin(62>)) m,
> Lans := solve({eqnl, eqn2}, {L[1],L[2]});
t |y (sm(@l) cos( ) m, + sm(el) cos( ) m, — sm<92) cos(@l) mz) g - 5

: cos( ) sm(el) cos( 2) m, 2

_ " 5 Cos(ez> slin(ez) cos(el) ((sin(Gl) cos(Gz) m, + sin(el) cos(92) m,

— sin(6,) cos(6, ) m — sin(6,) cos(6,) m,) g)

=> simplify(Lans[1]);
g ( —sin(@l) (m, +my) cos<62> + sin<62> cos<61> mz)

b= cos(el) sin(Gl) cos(Gz) V m, (76)

=> simplify(Lans[2]);

g (m, +m) (—sin(ﬂl) cos(@z) + sin(@z) cos(61)>
L= > _ 77
vom, cos(ez) sm(92) cos(@l)
>
> subs({L[1]=rhs(Lans[1]),L[2]=rhs(Lans[2])}, ans[1]);

— cos(el) sin(el) cos(92) Vv m, cos(ﬂz) (sin(ﬂl) cos(ﬂz) m, + sin(@l) cos(ez) m, (78)

— sin(62> cos(Gl> mz) gm,— cos(ez) (sin(el) cos(ez) m, + sin(el) cos(ez) m,

— sin(ez) cos(el) m, — sin(ez) cos(el) m2> gm,




1
cos(@l)

+ (sin(92> sin(@l) (sin(@l) cos(@z) m, + sin(el) cos(ez) m,

— sin(62> cos(61> mz) gmz) + sin(@l) gm — sin(@z)zsin(el) gm m,+ sin(@l) gm,m

1 2

— sin(E)z) cos(91> cos(e ) gm m,

1
cos(@z)

+ ((sin(@l) cos(@z) m, + sin(el) cos(ez> m, — sin(Gz) cos(@l) m,

— sin(62> cos(61> mz) gmz)

(sin(@l) cos(@z) m, + sin(el) cos(@z) m, — sin(@z) cos(@l) mz) gm,
cos(@z)

(sin(92> sin(@l) (sin(@l) cos(@z) m, + sin(el) cos(ez) m

1
cos(@l)

2

— sin(62> cos(61> m, — sin(Gz) cos(Gl) mz) gmz)

- (sin(@l) cos(@z) m, + sin( ) cos( 2) m, — sm( ) cos(@l) mz) gm, ]]/
cos( 2)
((sm( ) cos(@z) m, + sm( ) cos(ez) m, — sm<92) cos(@l) mz) g (

—cos( ) cos(G2 2m my,—2 s1n(62) cos(el) cos(ez) sin(Gl) m, m,

)
—sm( ) sm(el) m,my + m m +m1)>
1=

> simplify(subs({L[1]=rhs(Lans[1]), L[2]=rhs(Lans[2])}, ans[1]));

0 79)
> simplify(subs({L[1]=rhs(Lans[1]), L[2]=rhs(Lans[2])}, ans[2]));
0 (80)
>
| > unassign('thetalp','theta2p','phi',philp',phi2p");
| >
> simplify(limit(ans[1], theta[1]=0));
1
- - (m,sin(6,) (—cos(6,)" phizp’ L, + (thetalp’ L, (81)

(cos(Gz) m, —m, — mz) L




+ g) cos(@z) +1L, (phi2p* + theta2p’) ) cos( -0, + (bl) )
> simplify(limit(ans[2], theta[1]=0));
<_Lz (mlphz'Zp2 — theta2p2 m2> cos(92> + (m1 + mz) (theta]p2 L+ g)) sin(@z)
(005(62)2 my—m— mz) L,
> simplify(limit(ans[3], theta[1]=0));

1 .
L ( lllmo(m2 (— (cos(ez> + 1) (cos(ez> — 1) (—cos(ﬁl)zphzlsz1 +gcos(61) (83)

(82)

+ L, (philp” + thetalp’) ) sin(9,) cos( —¢,+ 0,) + sin(6,) (

—cos(6,) philp’ L, cos(8,)” + g cos(8, ) cos(8,) + cos(8,) L, (philp’

+ thetalp’) cos(8,) — L, (cos(92>2 phi2p® — phizp® — theta2p”) ) ) sin( =0, + 0,)
—2philp Ly (m, (cos(8,) — 1) (cos(6,) + 1) (cos(8,) — 1) (cos(8,) + 1) cos(
—0,+,)" + 2 cos(6,) cos( —0,+ 0,) cos(8,) sin(8, ) sin(8,) m,

+cos(8,)” cos(6,) my — m —m,) theta]pcos(el))/((mz (cos(8,) — 1) (cos(8,)
#1) (cos(8,) = 1) (cos(8;) + 1) eos( ~0,+0,)" + 2 cos(8,) cox( 0,

+0y) cos(8,) sin(8,)sin(8;) m + cos(8;)" cos(8,) "y = m —m ) sin(8,) )

> simplify(limit(ans[4], theta[1]=0));

2 cos( 92) phi2p theta2p
- sin(6,) ®

>
> simpliﬁ/(hmlt(ans[l] theta[2]=0));
(—L (m philp —theta]pzm
> simplify(limit(ans[2], theta[2]=0));
1

N hilp* Ly (m, + 0.\ + ((theta2p’ L, + 86
(COS<91)2m2—ml mz)Lz(( —philp” L, (m, + m,) cos(8,)" + ((theta2p” L, + g) m, (86)

+m, g) cos(el) + L, (phi]p2 — thetalpz) (m1 — mz)) sin(@l) cos( —6,+ (1)1))

=> simplify(limit(ans[3 ], theta[2]=0));
2 cos(@l) philp thetalp
- : @7
sm(@l)

85)

=> simplify(limit(ans[4], theta[2]=0));

s



i(eggo((—sin<62) L, m, (cos(0,)” phi2p” — phi2p’ — theta2p’ ) (cos(8,) — 1) (cos(8,) (88)

+ 1) cos( —0,+ (1)1) — (—phz’]sz1 (m, + m,) cos(61>2 + (—phi2p2L2 m, cos(ez)3

+ Ly m, (phi2p + theta2p’) cos(6,) + g (m, + m,) ) cos(,) + L, (philp’

+ thetalp?) (m, + my) ) sin(0,) ) sin( =0, +¢,) =2 (m, (cos(6,) = 1) (cos(8,)
+1) (cos(8,) = 1) (cos(8,) + 1) cos(—¢, +0,)" +2 cos(8,) cos( —9,

+6,) cos(8,) sin(6,) sin(6,) m, + cos(8,)” cos(8,) m, — m —m,)

cos(6,) L, theta2pphi2p)/(sin(92) (m, (cos(8,) = 1) (cos(8,) + 1) (cos(6,)
— 1) (cos(8,) + 1) cos( =0, +6,)" + 2 cos(8,) cos( 9,

+ q)]) cos(el) sin(el) sin(Gz) m, + COS<92)2C05(91)2’"2 e m2) ))



